The Kozeny-Carman Equation Considered with a Percolation Threshold by Porter, Lee Brenson, II
Wright State University 
CORE Scholar 
Browse all Theses and Dissertations Theses and Dissertations 
2011 
The Kozeny-Carman Equation Considered with a Percolation 
Threshold 
Lee Brenson Porter II 
Wright State University 
Follow this and additional works at: https://corescholar.libraries.wright.edu/etd_all 
 Part of the Earth Sciences Commons, and the Environmental Sciences Commons 
Repository Citation 
Porter, Lee Brenson II, "The Kozeny-Carman Equation Considered with a Percolation Threshold" (2011). 
Browse all Theses and Dissertations. 456. 
https://corescholar.libraries.wright.edu/etd_all/456 
This Thesis is brought to you for free and open access by the Theses and Dissertations at CORE Scholar. It has 
been accepted for inclusion in Browse all Theses and Dissertations by an authorized administrator of CORE 
Scholar. For more information, please contact library-corescholar@wright.edu. 
 







A thesis submitted in partial fulfillment 
of the requirements for the degree of 










LEE BRENSON PORTER II 









Wright State University 
WRIGHT STATE UNIVERSITY 
SCHOOL OF GRADUATE STUDIES 
June 9, 2011 
I HEREBY RECOMMEND THAT THE THESIS PREPARED UNDER MY SUPERVISION 
BY Lee Brenson Porter II ENTITLED (The Kozeny-Carman Equation Considered With a 
Percolation Threshold) BE ACCEPTED IN PARTIAL FULFILLMENT OF THE 
REQUIREMENTS FOR THE DEGREE OF Master of Science  
 
   
  




   
  






Robert W. Ritzi, Jr., Ph.D. 
 
 
David F. Dominic, Ph.D. 
 
 
Songlin Cheng, Ph.D. 
 
 
  Andrew T. Hsu, Ph.D. 





 Porter II, Lee B., M.S., Department of Earth and Environmental Sciences, Wright State 
University, 2010.   The Kozeny-Carman Equation Considered With a Percolation 
Threshold. 
A procedure has been developed for calculating permeability (k) from the 
Kozeny-Carmen equation, a procedure that links ideas from percolation theory with the 
ideas of Koltermann and Gorelick (1995) and Esselburn et al. (2011).  The approach 
focuses on the proportion of coarser pores that are occupied by finer sediments and 
defines a threshold proportion (  ).  For proportions below   , the unoccupied coarser 
pores percolate.  Following the ideas of Koltermann and Gorelick (1995), the effective 
grain-size term in the Kozeny-Carman equation is calculated using the geometric mean if 
below the threshold proportion, and with the harmonic mean if above.  Following ideas of 
Esselburn et al. (2011), this approach is recursively implemented by considering each 
grain size category relative to the pore space in the next larger category for mixtures of 
more than two categories, in order of smallest size to largest.  Application of these ideas 
to sediment models for sands and gravels, which have known k, indicate that a threshold 
does indeed exist.  Results also suggest that the Kozeny-Carmen equation is robust and 
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Permeability is an important hydraulic property of porous media.  Sediment grain 
size data are often easier to obtain than are permeability data for the same sediment.  
Therefore, there is motivation to formulate expressions for permeability as a function of 
grain size. 
Several equations have been formulated to calculate permeability given grain size 
data, including the Hazen equation (1892), the Krumbein and Monk equation (1942), and 
the Kozeny-Carman equation (1937).  Koltermann and Gorelick (1995) presented an 
effective modification of the Kozeny-Carman equation, to represent bi-modal grain 
mixtures.  Here the Koltermann and Gorelick (1995) approach is expanded, and thus the 
focus is on the Kozeny-Carman equation: 
   
     
         
                                                              (1) 
where k is permeability,    is an effective grain diameter, and   is an effective porosity 
measurement  (Kozeny 1927, Carman 1937).  The equation assumes that the grains are 
fairly well rounded, arrangement or packing of grains is homogeneous, the flow is 
laminar, and no electrochemical reactions are taking place, such as those associated with 
clay (Carrier 2003).  The   and    terms in this equation account for specific surface area 
with respect to unit volume of solids (Bear, 1972).  This equation effectively calculates k 
for various uni-modal porous media (Carman, 1937).   
In bi-modal mixtures of grains, permeability changes nonlinearly with the percent 
of finer grains (figure 1).  Koltermann and Gorelick (1995) empirically showed that the 
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Kozeny-Carman equation gave accurate values for k when    was computed in one of two 
ways, based on whether or not the pathways of coarser pores can be open and continuous.  
If there are not enough finer grains to occupy all the coarser pores (coarse packing), then 
open coarser-pore pathways are assumed to exist and to be continuous, and    is 
calculated by taking the geometric mean of the finer grain and coarser-grain diameters.  If 
there are enough finer grains to occupy all coarser pores, or if the coarser grains are 
supported within the finer-grained matrix, then there are no longer pathways of coarser 
pores that are open and connected (fine packing), and    is calculated by taking the 
harmonic mean of the finer-grain and coarser-grain diameters.   
 
Figure 1:  A conceptual model of a two component sediment mixture where the size of 
the finer grains is much less than the size of the coarser pores.  The graph below shows 
the non-linear relationship of permeability and percent fines by volume. Modified from 




Koltermann and Gorelick‟s (1995) model is based on the idea that the structural 
phase transition between continuously connected open coarser-pore pathways, and 
unconnected open coarser pores, occurs when there are enough finer grains to potentially 
occupy all coarser pores. However, percolation theory suggests that all the open coarser-
pore pathways become discontinuous before they are completely occupied by finer grains 
and thus the harmonic mean for    should be used at a volume of fines lower than 
suggested by Koltermann and Gorelick (1995).  One goal of this thesis is to incorporate 
ideas from percolation theory into the Koltermann and Gorelick (1995) approach for 
computing   .  The other goal is to expand the approach, following Esselburn (2010), so 
that it can be applied to mixtures with any number of grain sizes, rather than just two.  
The ideas developed here were tested by preparing mixtures of the sediment, 
measuring their permeability in the laboratory, and comparing the calculated permeability 
(equation 1) to the measured value.  The laboratory methods are described in greater 
detail below, before presentation of results and conclusions. 
1.1 Percolation Theory 
 Percolation theory contains a number of models developed for problems of 
connectivity.  In this case, the question is how many coarser pores can be occupied by 
finer grains before open (unoccupied) coarser pore spaces are no longer connected across 
a sample.  Two applicable models from percolation theory are site percolation on a cubic 
lattice and continuum percolation of penetrating spheres.  These are reviewed in the next 
sections.  Neither of the two models exactly represents the pore networks for 
unconsolidated sands and gravels.  However, they provide some insight about structural 
phase changes, and the proportion of finer sediment at which such changes take place. 
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1.2 Site Percolation on a Cubic Lattice 
With three-dimensional cubic open packing of spheres (figure 2), the pore 
network could be thought of as a lattice of pores, each with connection to six pores 
surrounding it.  In site percolation theory, the sites on a cubic lattice are similar in that 
they can be connected to six surrounding sites.  Open sites have continuous connected 
pathways across the domain as long as fewer than 0.69 of the sites are occupied (Stauffer 
and Aharony, 1994).  The 0.69 is a critical threshold, ωc, at which the structural phase 
transition from continuously connected open coarser pore pathways to discontinuous 
open coarser pore pathways takes place.  Note that percolation theory is conventionally 
discussed with a focus on the complementary critical proportion Pc, where Pc=1- ωc.  
However a focus on ωc is more relevant in the context of filling pores and pore 
connectivity.  Koltermann and Gorelick (1995) assumed the structural phase transition 
occurred at ωc = 1.  I consider that it may occur at ωc < 1, as it would on a simple cubic 
lattice, or in models for continuum percolation of penetrating spheres, as discussed 
below.  Note that even if coarser open pores do not percolate, there is still flow because 
occupied coarser pores still have pore space between the finer grains that reside within. 
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Figure 2:  a) Idealized pore network, with cubic packing in 3-D.  b) Cross-section of 
idealized pore network, with cubic packing.  Unoccupied sites in the pore network are 
considered in the same way as occupied sites in a cubic lattice in percolation theory.  The 
open coarser-pore pathways will connect across the domain if the proportion of occupied 
sites (black circles) is less than the threshold ωc = .69. 
 
Finer-grain sediment occupies coarser pores in different ways based on the sizes 
of the finer grains and the coarser pores.  Two cases are considered.  The first case is 
when the size of the finer grains is much less than the size of the coarser pores.  In this 
case the coarser packing is as envisioned by Koltermann and Gorelick (1995), where 
many finer grains, packed with their original porosity occupy the coarser-pore spaces, as 
shown in figure 3a, with coarser grains maintaining the premixed packing (spherical as 
shown).  The grains in the example mixtures considered by Koltermann and Gorelick 
(1995) were clay mixed into sand or gravel.   
In the second case the size of the finer grains is equal to or larger than the size of 
the coarser pores.  In this case, the packing has exactly one finer grain in each occupied 
coarser pore, which may change the coarse grain arrangement around the coarser pore 
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(disturbed coarse packing as per Kamann et al., 2007).  The example mixtures considered 
below are sands, gravels, and sandy gravels, all which have disturbed packing, as shown 
in figure 3b. 
 
Figure 3 a & b:  Two cases where finer-grain sediment can fit into coarser-grain pores 
where a) shows aggregates of finer grains fitting in the pore of the coarser-grained 
sediment and b) shows single finer-grains too large to fit within coarser pores without 
disruption of the coarse packing. 
 
In either case, the general approach of Koltermann and Gorelick (1995) for 
computing    requires knowing the fraction of coarser pores occupied by finer grains. The 
grains and pore spaces, for the sediments tested, are subspherical. As a practical matter 
the sizes of grains and pore spaces within a sample of sediment are not directly measured 
and the percent of coarser pores occupied is not directly observed.  By assuming 
spherical grains and pore spaces, and estimating the equivalent diameter of finer and 
coarser grains (  
 
,   
 ), and equivalent diameter of coarser pores (  
 ), the percent of 
coarser pore space potentially occupied can be estimated.  The base of information about 
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grain size comes from sorting using nested sieves.  I assume a small difference between 
the openings of the upper and lower sieves and take the average of these openings as a 
diameter of the grains retained on the lower sieve.  The   
  is estimated assuming cubic 
open packing of the coarser pores.  It is taken to be the diameter of the largest sphere to 
fit into a pore under cubic packing, which is given by (Kamann et al., 2007): 
  
    
                                                                      (2) 
The naturally occurring grain arrangement in stirred samples of uni-modal spheres 
gives a porosity of 40%, rather than the 46% occurring in the cubic packing.  Similarly, 
samples of local river bar sediment sorted to fairly uniform size also have porosity close 
to 40% (Phillips, 2007).  I do not expect cubic packing and I expect porosity to be less 
than 46%.  Thus,   
  as calculated in equation (2) is viewed as an upper-limit estimate. 
In the first case where   
 
   
 , the percent of coarser pores occupied by finer 
sediment can be estimated by comparing the premixed volume of finer-grained sediment 
( V
f  
) to the volume of pore space in the premixed coarser sediment.  The volume of 
coarser pores (  
    per unit volume of premixed coarser sediment is measured directly as 




                                                                      (3) 
where (  ) is the sample size.  The fraction of coarser pores that can be occupied by finer 
sediment is given by: 
                                                                               (4) 
 Koltermann and Gorelick (1995) discussed the fact that sediment mixtures are not 
“ideal” in their packing, referring to the fact that the sample will not have uniform coarse 
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packing or fine packing.  However, they demonstrated that their general idea was robust 
and could be applied by determining the condition for which all coarser pores were 
potentially occupied by finer-grained sediment.  Similarly, I apply their idea by 
considering the potential for a fraction ( ) of the pore volume to be occupied.  I can 
compute   for a given sample using methods defined above. 
In the second case where   
 
   
 , the fraction of the coarser pores occupied by 
finer grains can be estimated by comparing the number of finer grains to the number of 
coarser pores.  The number of finer grains per unit volume of premixed finer-grained 














                                                                 (5) 
where volume of solids in a premixed sample of finer sediment is determined directly 
from measuring    in the laboratory (  
 
             The number of coarser pores 












                                                                  (6) 
where   
 
 and   
  have been determined as per the discussion around the equation (3).  In 
this case   is estimated as: 




                                                                 (7) 
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In either case,   is a metric that can be used to estimate the potential fraction of 
coarser-pore sites that are occupied, and is also a metric that can be computed using data 
from standard sieve analysis and lab measurement of porosity. 
I expect a change from open coarser-pore pathways existing with at least one 
continuous (though tortuous) connection across the sample, to existing without any 
spanning connections, as coarser pores become occupied at a proportion greater than   .  
I do not expect site occupation within a pore network to be the same as site occupation in 
a cubic lattice, but if it were,    would equal 0.69.  Another model from percolation 
theory stimulates additional thinking about what    might be for a pore network, which 
is discussed in the next section. 
 
1.3 Continuum Percolation of Penetrating (Soft) Spheres 
 Lorenz and Ziff (2001) considered a model consisting of spatially uncorrelated 
uni-modal spheres (representing pore space), where spheres are allowed to overlap.  This 
model is nicknamed the “Swiss cheese” model.  The pore space in this model will 
percolate if the net porosity (i.e. regions of overlap are only counted once) of the domain 
is greater than 0.29.  In uni-modal granular media the porosity is commonly higher, and 
around 0.40.  The “Swiss cheese” model suggests that the open coarser pores could exist 
with connections across the sample as finer-grains are added to occupy pore sites, as long 
as the porosity remains above 0.29.  This would give    
       
  
, and since all grain 
sizes have individual porosities of approximately 40%,    ≈ 0.28. 
 Again, I do not expect the site occupation of a pore network to exactly follow the 
“Swiss cheese” percolation model.  In fact, the “Swiss cheese” network may better 
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represent pores in a vuggy limestone rather than within granular media.  Thus, I do not 
expect    to equal 
       
  
, but as stated above, I do expect it to be less than 1 following 
from the percolation models. 
  
1.4 Multiple Grain-Size Distributions 
 Previous work has extended the general idea of Koltermann and Gorelick (1995) 
to mixtures of more than two grains.  Esselburn et al. (2011) have used a recursive 
averaging technique to determine    for multiple grain-size diameter mixtures for use in 
the Kozeny-Carman equation.  In recursive averaging, the sediment in the first category 
is considered in relation to the pore space of the next larger grain-size category.  A value 
for    is computed in the first iteration.  In the second iteration, the sediment in the first 
two categories is considered in relation to the third-from-smallest grain size category.  A 
new    is computed using    from the first iteration and the diameter of the grains in the 
third category.  In each iteration, the    is computed as either a geometric mean or a 
harmonic mean based on whether or not open coarser pores are connected across the 
sample.  The iteration is repeated until all categories are used.  The final    is used in the 
Kozeny-Carman equation. 
 Let i be an index to represent each of the grain size categories (N), numbered from 
smallest to largest. A set of two algorithms were created to account for the differences in 
case 1 (  
    
   ) and case 2 (  
    
   ).  In the case of   
    
   , a   term (similar 
to Mastera (2010)) is used to account for the possibility of excess volume that will not fit 
into the pores of the next larger grain category.  The   term is initially set to be the 
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premixed volume of the smallest grain-size category.  The   term is then compared to the 
critical proportion of pore volume. If   
    
1)(  ipc
i d                                                               (8) 
then the geometric mean of the two grain diameters is taken.  If this is true in comparison 


















































                                          (9) 
where   is the premixed volume fraction of finer grains among volumes being mixed in 
any iteration. 














































                                           (10) 
If the geometric mean was taken then in the next iteration where i=2:  
  
ii V                                                            (11) 
Otherwise,   is the volume of the next highest grain category plus any leftover 
fraction from the previous iteration:   
ii
p
ii VVV   )( 1                                               (12) 
Then the evaluation beginning with equation (9) is repeated. 
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The algorithm for the case of   
    
    iterates in the same manner except the 











1)(                                                  (13) 
then the geometric mean is taken (equation 9).  Otherwise, the harmonic mean is taken 
(equation 10).    
 If it is true that    
    
          then the packing among any combination of 
smaller categories is not preserved with the next larger category.  This is because coarser 
pores cannot hold assemblages of finer grains.  Accordingly, if: 












g NN                                                      (14) 





















































                                                           (16) 
which is the same equation used by Chapuis and Aubertine (2003). 
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 In summary, the new ideas being introduced are for computing    in equation (1).  
As with Koltermann and Gorelick (1995), the calculation is based on whether or not open 
coarser-pore pathways might be connected across the sample.  One new idea is to 
introduce a percolation threshold,   , in representing the possibility of connectivity.  The 
other is to apply the Koltermann and Gorelick (1995) approach, as modified by 
percolation theory, recursively to compute   . 
 The assertion is that equation (1) gives meaningful values for k.  Accordingly, the 
ideas are tested by comparing k calculated from equation (1) to k measured in the 
laboratory. 
 Only sediment models for the case where    
    
    are used.  This is for two 
reasons.  First, this project was related to understanding permeability in sands, sandy 
gravels, and open-framework gravels in channel-belt deposits as described by Lunt et al. 
(2004).  These sediments lack clay.  The natural distributions of grain size have the 
properties that    
    
    and the cumulative number of finer grains is greater than the 
number of pores at each iteration for all iterations (   
    
           ).  Thus the 
sediment models I use, which follow the grain size distributions in Lunt et al. (2004), can 
only be used to evaluate the efficacy of equation (16).  In order to test equation (13) and 
either equation (9) or (15), sediment models were also created such that    
    
    and  
the cumulative number of finer grains is less than the number of pores at each iteration 
for all iterations    
    
           .  
Natural sediments that have a clay size fraction mixed with a sand and/or gravel 
typically have distributions for which    
    
   , as examined in Koltermann and 
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Gorelick (1995).   Furthermore, when preparing (dry) sediment mixtures in which 
1 ip
i VV , the finer sediment flows through the coarser pores and the sample are not 




2.1 Sediment Models 
The methodology involves using grain size and porosity data from each size 
category in a grain-size distribution to compute   .  Then    and composite   are used to 
calculate  .  Lastly, the calculated   is compared to an independent measurement of  . 
These data were already available for sediment models created by Mastera (2010) 
and Ferreira et al. (2010) which represent natural sediments including sand and open-
framework gravel as quantified by Lunt et al. (2004) for channel belt deposits.  Each of 
these distributions comprised 15 grain size components incremented in half phi sizes, 
ranging from fine sand to gravel.  The phi scale is a log base two transformation of the 
Wentworth Scale.  Tables of the relevant measured and calculated values for computing 
   for the sand and open-framework gravel distributions can be found in table 1a and 1b, 
respectively.  Both of these distributions also have    
    
        and   
    
       .  
The requisite data were also available for five glass-bead sediment models created by 
Esselburn et al. (2011).  Each of these distributions comprised three grain size 
components ranging from fine sand to coarse sand size in half phi increments.  Tables of 
the relevant measured and calculated values for the five sand distributions can be found 
in Tables 2a through 2e, respectively.  All of these distributions also have    
    
        
and   
    





Table 1:  Calculated and measured values at each iteration of the averaging method. 
a)   Sand [Mastera, 2010] 
   
Diameter of 















0.074 0.0113 0.420 0.0047 0.0306 30.752947 313.839070 
0.105 0.0250 0.430 0.0108 0.0435 23.509768 249.942968 
0.149 0.0600 0.420 0.0252 0.0617 20.091937 205.041651 
0.21 0.2350 0.412 0.0968 0.0869 28.496314 281.389280 
0.297 0.1780 0.419 0.0745 0.1230 7.543576 76.563080 
0.42 0.1175 0.429 0.0504 0.1739 1.730537 18.298271 
0.59 0.1000 0.407 0.0407 0.2443 0.551442 5.333825 
0.84 0.0575 0.395 0.0227 0.3478 0.112033 1.032271 
1.18 0.0580 0.422 0.0245 0.4885 0.038991 0.400638 
1.68 0.0475 0.443 0.0211 0.6955 0.010650 0.119535 
2.38 0.0400 0.411 0.0164 0.9853 0.003340 0.032796 
3.36 0.0350 0.402 0.0141 1.3910 0.001053 0.009992 
4.75 0.0250 0.406 0.0101 1.9665 0.000265 0.002547 
6.72 0.0113 0.422 0.0048 2.7821 0.000041 0.000421 
9.51 0.0023 0.402 0.0009 3.9371 0.000003 0.000028 
13.45 0.0011 0.417 0.0005 5.5683 0.000001 0.000005 
 
b)   OFG [Ferreira et al., (2010)] 
   
Diameter of 















0.21 0.0021 0.412 0.0009 0.0869 0.252626 2.494582 
0.297 0.0042 0.419 0.0017 0.1230 0.176582 1.792204 
0.42 0.0021 0.429 0.0009 0.1739 0.030683 0.324437 
0.59 0.0042 0.407 0.0017 0.2443 0.022977 0.222242 
0.84 0.0063 0.395 0.0025 0.3478 0.012178 0.112204 
1.18 0.0125 0.422 0.0053 0.4885 0.008403 0.086344 
1.68 0.0208 0.443 0.0092 0.6955 0.004671 0.052428 
2.38 0.0375 0.411 0.0154 0.9853 0.003131 0.030746 
3.36 0.0833 0.402 0.0335 1.3910 0.002508 0.023790 
4.75 0.1375 0.406 0.0558 1.9665 0.001456 0.014008 
6.72 0.2128 0.422 0.0899 2.7821 0.000774 0.007972 
9.51 0.2083 0.402 0.0838 3.9371 0.000276 0.002623 
13.45 0.1500 0.417 0.0626 5.5683 0.000069 0.000692 
19.315 0.0833 0.403 0.0336 7.9964 0.000013 0.000125 





Table 2:  Calculated and measured values at each iteration of the averaging method. 
a)   Esselburn 1 
     
Diameter of 















0.165 0.6660 0.411 0.2737 0.0683 166.7781 1640.0783 
0.39 0.1660 0.407 0.0676 0.1615 3.1694 30.6555 
0.655 0.1660 0.390 0.0647 0.2712 0.6882 6.2008 
 
b)   Esselburn 2 
     
Diameter of 















0.165 0.1660 0.411 0.0682 0.0683 41.5693 408.7883 
0.39 0.6660 0.407 0.2711 0.1615 12.7156 122.9915 
0.655 0.1660 0.390 0.0647 0.2712 0.6882 6.2008 
 
c)   Esselburn 3 
     
Diameter of 















0.165 0.1660 0.411 0.0682 0.0683 41.5693 408.7883 
0.39 0.1660 0.407 0.0676 0.1615 3.1694 30.6555 
0.655 0.6660 0.390 0.2597 0.2712 2.7611 24.8780 
 
d)  Esselburn 4 
     
Diameter of 















0.165 0.3330 0.411 0.1369 0.0683 83.3891 820.0391 
0.39 0.3330 0.407 0.1355 0.1615 6.3578 61.4958 
0.655 0.3330 0.390 0.1299 0.2712 1.3805 12.4390 
 
e)   Esselburn 5 
     
Diameter of 















0.165 0.1330 0.411 0.0547 0.0683 33.3055 327.5231 
0.39 0.4330 0.407 0.1762 0.1615 8.2670 79.9630 





Three new sediment distributions were created such that the finer grains in any 
one category should never completely fill the coarser pores of the next coarser-grain size 
category.  These distributions were comprised of seven to eight grain size components 
incremented in half phi sizes (log base two of the Wentworth Scale), ranging from fine 
sand to gravel.  Tables of measured and calculated values for the sand, coarse sand, and 
gravel distributions can be found in Tables 3a through 3c, respectively.  All of these 
distributions have    
    
        and   
    















Table 3:  Calculated and measured values at each iteration of the averaging method. 
Sand  
      
        
    
Diameter of 















0.074 0.0012 0.420 0.0005 0.0306 3.2485 33.1517 
0.105 0.0034 0.430 0.0015 0.0435 3.1961 33.9796 
0.149 0.0097 0.420 0.0041 0.0617 3.2550 33.2180 
0.21 0.0278 0.412 0.0115 0.0869 3.3711 33.2881 
0.297 0.0795 0.419 0.0333 0.1230 3.3696 34.1991 
0.42 0.2274 0.429 0.0975 0.1739 3.3491 35.4122 
0.59 0.6503 0.407 0.2647 0.2443 3.5863 34.6885 
 
Coarse Sand  
      
        
    
Diameter of 















0.149 0.0004 0.420 0.0002 0.0617 0.1391 1.4200 
0.21 0.0012 0.412 0.0005 0.0869 0.1441 1.4230 
0.297 0.0034 0.419 0.0014 0.1230 0.1440 1.4619 
0.42 0.0097 0.429 0.0042 0.1739 0.1432 1.5138 
0.59 0.0278 0.407 0.0113 0.2443 0.1533 1.4828 
0.84 0.0795 0.395 0.0314 0.3478 0.1549 1.4274 
1.18 0.2274 0.422 0.0959 0.4885 0.1529 1.5707 
1.68 0.6503 0.443 0.2883 0.6955 0.1458 1.6366 
 
Gravel   
      
        
    
Diameter of 















0.297 0.0004 0.419 0.0002 0.1230 0.0176 0.1787 
0.42 0.0012 0.429 0.0005 0.1739 0.0175 0.1851 
0.59 0.0034 0.407 0.0014 0.2443 0.0187 0.1813 
0.84 0.0097 0.395 0.0038 0.3478 0.0189 0.1745 
1.18 0.0278 0.422 0.0117 0.4885 0.0187 0.1920 
1.68 0.0795 0.443 0.0352 0.6955 0.0178 0.2001 
2.38 0.2274 0.411 0.0934 0.9853 0.0190 0.1864 




All ten of the sediment models, both new and existing, were created in the Wright 
State laboratory, using either man-made or natural sediments.  The natural sediments, for 
both new and existing models, were collected at a bar deposit on the Mad River, north of 
Dayton.  These sediments are generally subspherical.  They were wet sieved using a 
number 230 sieve to remove any clay particles.  They were then oven dried and sieved 
using a series of nested sieves.  The arithmetic average between the two sieve sizes was 
taken to be the average grain diameter for those individual fractions.  The range of 
sediments collected were very fine sand to gravel.  Man-made sediments were spherical 




Figure 4:  Grain-size distributions for all 10 mixtures.  
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Permeability (k) was measured using ASTM (2006) standards and using de-aired 
water per Chapuis (2004).  In this approach a constant head permeameter was used along 
with a vacuum during initial saturation with de-aired water. De-aired water is used to 
reduce out gassing of dissolved gasses into the sediment.  Flow was within the Darcian 
regime for all runs.  
 The permeability data for the new distributions comprised three sediment 
distributions, three packings for each distribution, and three runs for each packing.  A run 
consisted of three measurements of k at each of the three gradients.  After three runs the 
sediments were dried, resieved, recombined using distribution of the sediment model, 
mixed thoroughly, and placed into the permeameter to comprise the next packing. 




3.0 Results and Discussion 
3.1 Computing    Using a Percolation Threshold 
Specific values for    are not known for the types of sediments used here, 
however possible values of    within an expected range of 0.2 ≤    ≤ 1.0 are considered 
in Tables 2 and 3.  These values include    = 0.2, 0.28 (representing the “Swiss cheese” 
continuum percolation model), 0.4, 0.5, 0.6, 0.69 (representing site percolation on a cubic 
lattice), 0.8, and 1.0 (representing the case of no percolation threshold).  Table 4 indicates 
whether the harmonic or geometric mean was used to compute    in each case of   , as 
equation (13) is applied. 
The new sediment models, for which   
    
   , are listed on the first three lines 
of Table 4 and 5.  It is shown that if a value of    ≤ 0.5 is used as equation (13) is 
evaluated, then   
      
    for all models. This result then represents that the open 
coarser-pore pathways do not have percolating connected pathways in any of the three 
new sediment models, and thus equation (16), the harmonic mean, is used to compute    
for all three new sediment models.  
Furthermore, Table 4 shows that if    = 0.6 as equation (13) is evaluated then 
  
      
    for the sand model, with the result representing that the open coarser pores 
do have percolating connected pathways.  Thus equation (15), the geometric mean, would 
be used to compute    for the sand model.  For the other two new models, it is still true 
that   
      
    and thus the harmonic mean would still be used to compute   .  If    > 
0.8, then   
      
    is true in all three new sediment models, and thus equation (15) 














As discussed in the prior section, the previously published sediment models have   
  
      
        and thus all exhibit fine packing.  Consideration of connected open 
coarser-pore pathways is not relevant in this instance.  The harmonic mean would be used 
to compute d  in all cases regardless of the value of   .  However, the models are still 
useful for evaluating the effectiveness of equation (16). 
 
3.2 Computing k from    
Table 5 conveys the value of k computed from d  corresponding to the grain size 
averaging method indicated in table 4. This table also shows the measured values of k, 
which are given in the second to last column on the right.  Calculated values of ω are 
given on the far right column.  Statistics on residuals for the results from the three new 
sediment distributions are given in the bottom portion of table 5. 
Residual statistics show that using a value of    = 0.69 gives the results that 
compare best to measured values.  The results using 69.0c  represent open coarser-
pore pathways having lost connectivity among at least one of the models (gravel), 
invoking use of the harmonic mean, even though   
    
   .  These observations support 
the idea that a percolation threshold does exist, and that this threshold is closer to that of 
site percolation on a cubic lattice than to the other values used in this analysis, given the 
sediment distributions being considered. 
Though the results indicate that a percolation threshold exists, and that 69.0c  
is closest among the values considered, overall the results are robust in that calculated k 
values correspond well to measured values across the table, regardless of accounting for a 
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threshold, and the value for that threshold.  By considering row 4 through 10 of Table 4 
and 5 along with the first three rows, it appears that equations (15) and (16) are effective 
in computing a representative value for k.  This can also be confirmed in figures 5-7 
which show the computed values plotted against the measured values.  The ordinate and 
abscissa cover several orders of magnitude.  These graphs show that the Kozeny-Carman 
model works well for the sand and gravel models, which included natural sediments, over 
several orders of magnitudes of values of k. 
 
 































Figure 6: Comparison of measured versus calculated k for           
 


























ωc=0.69, Site Percolation on a Cubic 
Lattice

























Lunt Data Esselburn Data
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4.0 Second Approach for Computing ω 
Equation (2) under represents 
c
pd .  Therefore, equation (6) over represents 
c
pN , 
and equation (7) under represents ω.  Furthermore, assuming one grain to one pore may 
not be valid.  An alternative method for computing ω was devised in order to reduce bias 
that might arise from these issues. 
The number of finer grains per unit volume of premixed sediment within grain 









N                                                                (17) 
 where volume of solids in a premixed sample of finer sediment is determined directly 
from measuring   in the laboratory (  
          
      
 
The volume of one pore within grain-size category j can be estimated using the 









   and using the ratio of 




























                                                    (18) 
The number of pores in category j can then be calculated for each grain size 
fraction by dividing the volume of voids for the coarser fraction by the volume of pores 










N                                                                 (19) 









ij ;                                                      (20) 
Note that for a i spherical grain to fit into a j pore space under cubic packing of j grains, 
m
j,i
 must be ≥ 1.24.  Furthermore, at least 8 grains of i would be required within one pore 
of j in order to maintain a unit cell with cubic packing among i grains, and the associated 
porosity of the i-category sediment residing within one pore of j.  Guided by these 
relationships, I assume that if )24.1(*8, ijm then there can be enough i grains in a j 
pore to maintain i-category‟s porosity within the j pore.  The fraction of the j pores 







,  ij ;                                                      (21) 
 If  1.24 ≤  m
j,i
  ≤ 8*(1.24) then I assume there are a small number of i grains 
within one j pore and that the i grains to not maintain the original i packing and porosity.  
























≤  1.24 then I assume there can be only one i grain within a disturbed j pore.  
This is not the case among any i , j categories (j > i) in my sediment models when 
equation (18) is used for .  If it were true, I would calculate ω
j,i








                                                             (24) 
To calculate ω for the sediment mixture, the composite fraction of pore space in the 










iN                                                                     (25) 
Note that if m
N,i
 is > 8*(1.24) and m
i,k
 >8*(1.24) where r<i, then the grains of r can pack 
within pores of i which in turn , can pack within the pore of N.  In this case category r is 
not included in the summation in equation 25. 
The ω value is compared to ωc.  If ω is less than ωc, then open coarser-pore 
pathways are assumed to exist and to be continuous, and the geometric mean is used to 
compute d  for the Kozeny-Carman equation.  If ω is greater than ωc, then open coarser-
pore pathways are assumed to no longer be continuous, and the harmonic mean is used to 
compute d  for the Kozeny-Carman equation.   
4.1 Results and Discussion of Second Approach for Computing ω 
Table 6 conveys the value of k computed from d  using the second method 





This table also shows the measured values of k, which are given in the second to last 
column on the right.  Statistics on residuals for the results from the four sediment 
distributions where ω<1 are given in the bottom portion of table 6.  Statistics were 
calculated using the natural log of k, due to results varying over orders of magnitude. 
The results show that for the coarse sand and Esselburn 3 models if the 
percolation threshold ωc is less than or equal to 0.68 then ω > ωc.  This would indicate 
that open coarse pore pathways do not exist and the harmonic mean should be used to 
calculate d  to be used in the Kozeny-Carman equation.  However, if ωc were greater than 
or equal to 0.80 then ω < ωc.  This would indicate that open coarse pore pathways do 
exist and the geometric mean should be used to calculate d  to be used in the Kozeny-
Carman equation.  For the sand and the gravel models, if ωc =0.80 then ω>ωc and the 
harmonic mean be used to calculate d . 
When comparing calculated values to measured values the residual statistics show 
that when a percolation threshold of 0.80 is used the error is lowest.  Also R
2
 statistics are 
highest with this percolation threshold. These results suggest that a threshold exist and 
that the threshold is close to 0.80, within the range 0.77<ωc<0.82.  Because of this 
threshold the open coarser pore pathways are not continuous in the sand and the gravel 
models, but are continuous in the coarse sand and the Esselburn 3 models. 
 When comparing the second method for computing ω to the first method, there is 
an improvement in both residual statistics and R
2
, which indicates that the second method 
better represent measured permeability.  Though the results indicate that a percolation 
threshold exists, overall the results are robust in that calculated k values correspond well 
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to measured values across the table, regardless of accounting for a threshold, and the 
value for that threshold.    
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Table 6:  Value of k computed from d  using the second method of calculating ω. 
ωc=.20
"Swiss Cheese" 
Continuum               
ωc=0.275
ωc=.40 ωc=.50 ωc=.60
Simple Cubic  
Site                              
ωc=.6884
ωc=.80 ωc=1
Sand 140.2 140.2 140.2 140.2 140.2 140.2 140.2 158.0 138.7 0.8200
Coarse Sand 999.6 999.6 999.6 999.6 999.6 999.6 1134.4 1134.4 1225.6 0.7648
 Gravel  4969.8 4969.8 4969.8 4969.8 4969.8 4969.8 4969.8 5638.5 3814.6 0.8377
Esselburn 3 61.9 61.9 61.9 61.9 61.9 61.9 85.1 85.1 123.4 0.7580
Lunt Sand 41.6 41.6 41.6 41.6 41.6 41.6 41.6 41.6 24.4 1052.5467
Lunt OFG 3115.0 3115.0 3115.0 3115.0 3115.0 3115.0 3115.0 3115.0 4090.0 57.1673
Esselburn 1 20.8 20.8 20.8 20.8 20.8 20.8 20.8 20.8 21.0 10.7642
Esselburn 2 57.1 57.1 57.1 57.1 57.1 57.1 57.1 57.1 86.9 7.0154
Esselburn 4 29.3 29.3 29.3 29.3 29.3 29.3 29.3 29.3 36.0 3.2691
Esselburn 5 77.4 77.4 77.4 77.4 77.4 77.4 77.4 77.4 101.2 1.7486
Root Mean Square 
Error
0.383 0.383 0.383 0.383 0.383 0.383 0.231 0.280
Root Mean Square 
Error Percentage
1.881% 1.881% 1.881% 1.881% 1.881% 1.881% 1.130% 1.351%
R² 0.9761 0.9853 0.9853 0.9853 0.9853 0.9853 0.9935 0.9856
Statistics Using Natural Log k for 4 Distributions Where ω<1
Distribution Used
Calculated Permeability (Darcies)







  A procedure has been developed for computing k from the Kozeny-Carmen 
equation which links ideas from the percolation theory with the ideas of Koltermann and 
Gorelick (1995) and Esselburn et al. (2011). 
 The approach in section 4.0 focuses on the proportion of coarser pores that are 
occupied by finer sediments and defines a threshold proportion,  , across which a 
structural phase transition occurs.  For proportions of finer grains below    the 
unoccupied coarser pores percolate across the domain.  Following the ideas of 
Koltermann and Gorelick (1995), the effective grain size in the Kozeny-Carman equation 
is computed using the geometric mean if below the threshold proportion, and with the 
harmonic mean if above.  Following idea of Esselburn et al. (2011), this approach is 
implemented by considering each grain size category relative to the pore space in the next 
larger category for mixtures of more than two sediment fractions, in order of smallest to 
largest. 
 The results of applying these ideas to sediment models for sands and gravels, 
which have known permeability, indicate that a threshold does indeed exist and that it 
may be slightly larger than the threshold for site percolation on a cubic lattice.  The 
results also show that the Kozeny-Carmen equation is robust, and gives representative 







6.0 Future Work 
 Future work might include an in-depth investigation to determine    with better 
resolution.  This would explore the extent to which it might vary, if not constant, 
among the different sediments. 
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Appendix A- Detailed Methods for Sediment Preparation 
 
Equipment used: 18 five gallon buckets with lids, a Roto-tap vibrator, an oven, a mixing 
bucket with casters, a brass wire brush, rubber stoppers, 10 mm marbles, a set of brass 
nested sieves (-5.0 to 4.0 in half phi increments), a 1000 ml graduated cylinder, and a 50 
ml graduated cylinder. 
Collecting, Cleaning, and Separating Sediments 
1. Sediments were collected at the Mad River north of Dayton from sand and gravel 
bars where they were wet sieved in the field through a number 230 sieve to 
remove clay grains. 
2. The wet sieved sediments were then placed in 5 gallon buckets and brought back 
to the sediment lab. 
3. Sediments were dried thoroughly in clean steel bowls using an oven at 
temperature of 100 degrees Celsius for 12 hours. 
4. Once completely dry, sediments were placed in a series of nested sieves 
incremented in half phi (log base 2 transformations of the Wentworth scale) sizes.  
A list of the sieve sizes used is given in Table A1. 
5. Less than 200 cm3 of sediment was loaded into the top sieve with each round of 
sorting.  This amount prevents misrepresentation of the size categories due to the 
clogging of the sieves. 
6. Rubber agitators and 10 mm glass beads were placed in each sieve to facilitate the 
sieving process and remove aggregates. 
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7. The series of nested sieves was then secured in a ro-tap vibrator and ran for 20 to 
25 minutes. 
8. Each sieve was then emptied into 5 gallon buckets with lids corresponding to each 
size category.  The lids were secured on the bucket as soon as the sediments were 
emptied from the sieve to prevent contamination from outside sources. 
9. After each sieving run, a brass brush was used to thoroughly clean the sieves.  
This increases the efficiency of the sieves for the next run 
10. 2000-5000 cm3 of sediments was sieved for each grain size category used to 
create the sediment distributions in this study. 






Creating Sediment Distributions 
1. Sediment distributions were created from volume percent data.  A premixed 
volume of 6000 cm
3
 of sediment is needed to have enough to fill the permeameter 
for a run and also to measure porosity of the mixture.  The 6000 cm
3
 needed can 
be multiplied by the volume percent ratio to get the proper proportion of each 
individual grain size. 
2. Once proportions had been calculated the individual collected sediments are 
measured out loosely in a graduated cylinder and added to the mixing bucket.  
The mixing bucket has wooden “fingers” screwed into the bucket, which are 
fairly similar to a concrete mixer.  
3. The mixing bucket was rotated on a set of casters for 5 minutes until thoroughly 
mixed. 
4. Loading for the permeameter was done by pouring the sediment from the mixing 
bucket directly into the permeameter, making sure to pour directly down the 
center of the mouth of the permeameter.  This was done as not to create structures 










Appendix B: Detailed Methods for Measuring Porosity and Results 
 
Equipment used:  50 ml burette, 500 ml beaker, 1000 ml graduated cylinder, lab stand 
and burette holder. 
1. A well mixed 400 ml sample was measured loosely in the graduated cylinder and 
was loosely poured into the 500 ml beaker.  The beaker was slowly rotated on a 
flat surface until the sediment had a flat surface.  Special care must be used in this 
step to not pack the sediment while trying to achieve a flat surface. 
2. Water was then slowly decanted from the burette into the beaker making sure that 
the burette tip dripped down the inside surface of the beaker to the sediment 
below.  This process allowed for water saturation of pores with minimal 
disturbance to the top of the sediment sample. 
3. The water was stopped when it was level with the top surface of the sediment and 













Table B1:  Individual Grain Size Fraction Porosities 
Individual Grain Size Fraction Porosities 
Wentworth Scale 
Size 
Size of Upper and 
Lower Sieve Mesh 
(mm) 
Size of Upper and 
Lower Sieve Mesh 
(phi) Max Min Mean 
Pebble 32.00 - 22.63  -5.0 to -4.5 0.452 0.418 0.434 
  22.63 - 16.00  -4.5 to -4.0 0.414 0.394 0.402667 
  16.00 - 11.31  -4.0 to -3.5 0.422 0.412 0.417333 
  11.31 - 8.00  -3.5 to -3.0 0.415 0.382 0.402333 
  8.00 - 5.66  -3.0 to -2.5 0.44 0.405 0.422333 
  5.66 - 4.00  -2.5 to -2.0 0.416 0.391 0.405667 
Granual 4.00 - 2.83  -2.0 to -1.5 0.415 0.391 0.402333 
  2.83 - 2.00  -1.5 to -1.0 0.432 0.395 0.410667 
Very Coarse Sand 2.00 - 1.41  -1.0 to -0.5 0.448 0.44 0.443333 
  1.41 - 1.00  -0.5 to 0.0 0.442 0.411 0.421667 
Coarse Sand 1.00 - 0.71  0.0 to 0.5 0.403 0.385 0.395333 
  0.71 - 0.50  0.5 to 1.0 0.423 0.384 0.407 
Meduim Sand 0.50 - 0.35  1.0 to 1.5 0.442 0.409 0.428667 
  0.35 - 0.25  1.5 to 2.0 0.423 0.412 0.418667 
Fine Sand 0.25 - 0.18  2.0 to 2.5  0.422 0.404 0.412 
  0.18 - 0.13  2.5 to 3.0 0.43 0.41 0.42 
Very Fine Sand 0.13 - 0.09  3.0 to 3.5  0.44 0.41 0.43 
  0.09 - 0.06   3.5 to 4.0  0.43 0.425 0.42 
 
Table B2:  Sediment Distribution Porosities 
Distributions Ø Measurements Max Min Mean 
Esselburn 1 0.3344 0.3301 0.3323 
Esselburn 2 0.3415 0.3362 0.3394 
Esselburn 3 0.3174 0.3121 0.3145 
Esselburn 4 0.3077 0.3054 0.3062 
Esselburn 5 0.3452 0.3358 0.3412 
Mastera Sand (Lunt 2004) 0.3283 0.3178 0.3215 
Ferreira Open Framework Gravel (Lunt 2004) 0.2422 0.2422 0.2422 
Porter Sand 0.3665 0.357 0.361667 
Porter Coarse Sand 0.3505 0.3475 0.352 





Figure B1:  The apparatus used to measure porosity.
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Appendix C: Detailed Methods for Measuring Permeability and Results 
 
Equipment used:  A six inch diameter GeoTest permeameter, 2 porous discs, 2 screens, a 
five gallon GeoTest de-airing tank, a vacuum pump, two cold traps, a graduated 
manometer stand with shut-off valves, a timer, two temperature probes, a constant-head 
reservoir, a 1000 ml graduated cylinder, a lab stand with clamps, a dissolved oxygen 
meter, and bod bottles. 
 
De-airing Water 
 A five gallon de-airing tank manufactured by Geotest was used to de-air water.  
The tank is equipped with an inflow valve to add water, an outflow to remove the water, 
and a valve to control the vacuum.  A vacuum pump was used that was capable of pulling 
>35 inches Hg gauge pressure.  Using oxygen as an analog for all dissolved gasses, 
Mastera (2010) completed a study which shows this set-up removes dissolved oxygen 
effectively.  After 12 hours of de-airing dissolved oxygen content reaches two parts per 
million and can be used in experiments.   
 
Measuring Permeability 










, volumetric discharge (Q) and temperature (T), were 
measured three times at three different gradients for each permeability run.  T was 
measured to determine the fluid density and dynamic viscosity of the water (deMarsily 
1986).  Q is calculated by taking the time required to fill a set volume of water from the 
discharge tube.  Cross-sectional area (A) normal to flow was also recorded.  A graph can 
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 for all nine points where a 
linear regression passing through the origin can be fitted to the data.  The slope of this 
line is k. 
 
Figure C1:  Apparatus used to measure permeability where 1) de-aired water source, 2) 
constant head reservoir, 3) manometer stand and tubes, 4) permeameter, 5) vacuum tube, 






















Geometrically Generated Sand Mixture 1, Run 1















Geometrically Generated Sand Mixture 1, Run 2






















Geometrically Generated Sand Mixture 1, Run 3
















Geometrically Generated Sand Mixture 2, Run 1























Geometrically Generated Sand Mixture 2, Run 2



















Geometrically Generated Sand Mixture 2, Run 3
























Geometrically Generated Sand Mixture 3, Run 1


















Geometrically Generated Sand Mixture 3, Run 2





















Geometrically Generated Sand Mixture 3, Run 3















Geometrically Generated Coarse Sand Mixture 1, Run1




















Geometrically Generated Coarse Sand Mixture 1, Run 2















Geometrically Generated Coarse Sand Mixture 1, Run 3


















Geometrically Generated Coarse Sand Mixture 2, Run 1














Geometrically Generated Coarse Sand Mixture 2, Run 2



















Geometrically Generated Coarse Sand Mixture 2, Run 3


















Geometrically Generated Coarse Sand Mixture 3, Run 1






















Geometrically Generated Coarse Sand Mixture 3, Run 2


















Geometrically Generated Coarse Sand Mixture 3, Run 3





















Geometrically Generated Gravel Mixture 1, Run 1















Geometrically Generated Gravel Mixture 1, Run 2























Geometrically Generated Gravel Mixture 1, Run 3















Geometrically Generated Gravel Mixture 2, Run 1
























Geometrically Generated Gravel Mixture 2, Run 2















Geometrically Generated Gravel Mixture 2, Run 3




















Geometrically Generated Gravel Mixture 3, Run 1















Geometrically Generated Gravel Mixture 3, Run 2



















Geometrically Generated Gravel Mixture 3, Run 3
Geometrically Generated Gravel 4425.57 Darcy]
